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Abstract We consider a totally asymmetric exclusion process on the positive half-line.
When particles enter the system according to a Poisson source, Liggett has computed all
the limit distributions when the initial distribution has an asymptotic density. In this paper
we consider systems for which particles enter according to a complex mechanism depending
on the current configuration in a finite neighborhood of the origin. For this kind of models,
we prove a strong law of large numbers for the number of particles which have entered the
system at a given time. Our main tool is a new representation of the model as a multi-type
particle system with infinitely many particle types.
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1 Introduction

The simple exclusion process 1. = (1;),>0 on a countable space S, with random walk kernel
p(.), is a continuous time Markov process on X := {0, 1}5. For a configuration 1 € X, we
say that the site x is occupied (by a particle) if n(x) = 1, and is empty if n(x) = 0. A particle
“tries” to move from an occupied site x to an empty site y atrate p(x, y), or in an equivalent
way, waits for an exponential time of parameter 1 and then chooses a site y randomly with
probability p(x, y) and “tries” to jump on y. If the site y is already occupied, the jump is
cancelled and the particle stays at x, otherwise it jumps to y. In this way, there is always at
most one particle at any given site. Formally, the exclusion process 7, is defined as the Feller
process with generator

Qf ()= Y pl, )n)A = nG)Lf(ry) — FOI, (1)
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for all cylindrical functions f, where

n(y) ifz=x,
ey (@)= nx) ifz=y,
n(z) otherwise.

A natural question is to describe the set of invariant probability measures Z, which is the
set of probability measures © on S such that, if ny ~ w then for all + > 0, n, ~ w. These
measures are characterized by the equations:

/ Qf u(dn) =0,

for any cylindrical functions f (see e.g. [5] for a review). We denote by Z, the set of extreme
points of Z. In the case S = Z, the set of extremal, translation-invariant stationary measures
is exactly the set of translation-invariant Bernoulli product measures on Z (see [4]).

In this paper, we consider the case S :=7Z7 and p(x,x + 1) := 1, i.e., the totally asym-
metric nearest neighbor case. In Z* , one has to add some boundary mechanism to make the
model non trivial. The simplest way to do this is to add a particle reservoir at site 0 with
a certain density A > 0. This means that a new particle is created at site 1 according to a
Poisson process with rate A when this site is empty. We call the model on Z3 TASEP(}),
and we denote by €2, its generator and by S, (¢) its semi-group:

Q. f () := A =n(INLF ) = f()]

+ ) )1 = nx + DILf (rxr) — F (], (©))

x=1
for all cylindrical functions f, where

1—n() ifz=1,
n(z) otherwise.

ni(z) = {

In (2) we see two parts for the generator: one is due to the boundary mechanism and we will
call it the boundary part; the other one, which has the form given by (1) for § = Z% , is due
to the exclusion process and we will call it the bulk part.

Let us introduce some notation. In the following, we denote by v* the product measure
on {0, 1}”+ with density A and by 6 the shift. 6 acts on configurations n € X by

On(x):=n(x+1), VxeZ,
on functions f : X — R by
Of ()= fOn), VnelkX,

and on measures i on X by
[ raon=[oran. vietiw.
For a measure 4 on S and f € L'(u), we will denote (flu:= f fdu.
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We are interested in the asymptotic behavior of the distribution when ¢ goes to infinity.
For this model, we have a good understanding about what happens at equilibrium. Indeed,
Liggett has shown in [3] the following ergodic theorem, which gives the limit measure for
an initial measure with a product form and an asymptotic density:

Theorem 1.1 (Liggett [3]) Let 7w be a product measure on 7% for which p:=1im,_, o (n(x))~
exists.

1 . /J«Z, if p> % (bulk dominated),
Irr= 2 then tl~l>nolonsx 0= {pfl , Ifp< % (maximum current).
2
1 A 1 — X (bulk dominated),
A<= then lim 78,(1) = H l.f;0> (bu ommae.)
2 1—00 v*, if p <1 — A (boundary dominated),

where the u’; s, for p > %, are stationary measures and asymptotically product with den-
sity p, i.e., lim,_ o 0";12 = v” (in a weak sense with test functions [ € C(X,R)). We also
have ) = v*.

To describe the set of invariant probability measures in the cases S =Z and S = Z”,
Liggett uses that the Bernoulli product measures are invariant and for these measures one
can make explicit computations. In this paper, we study Markov processes with no invariant
product measure. We consider a TASEP on Z7} for which the boundary rate depends on the
current configuration. We limit ourselves to finite range boundary mechanisms, i.e., systems
for which there exist some R € Z such that the boundary part of the generator vanishes
on every cylindrical function with support in {R + 1, ...}. This idea was first introduced by
GroBkinsky in Chap. 3 of his PhD Thesis [1] where he defines the following Feller process:

Qf () =Y () (A =nCx+ D) [fOrersr) — F ()]

«
XELY

+ Z s [F(E Unese) = F(m)], 3)

EeXpR

for all cylindrical functions f where S; :={1,..., R}, Xz := {0, 1}°%, Nisg and npeg, are
the configuration 7 restricted to Sz and “Sg = Z7 \ Sk respectively, & U npg, is the natural
concatenation of configurations on S and on “Sg, and (dg ¢/)¢ ¢/ex, are non-negative rates.

Assuming the existence of an invariant measure which is product outside of the box
{1,..., R} with a non-trivial density leads to relations which the boundary rates have to
satisfy—we will refer to such models as almost classic. These are still within the reach of
Theorem 1.1, at least for suitable choices of A and p. From now on, we will assume that at
least one of these relations is not satisfied by our boundary mechanism.

Remark The reason for which we only treat the finite range case is that when we are not in
this case, pathological things can occur. For example, consider the following dynamic with
a non-local boundary mechanism. Define the asymptotic density of a configuration n € X
by p(n) :=liminf,_, f Zle n(i); we consider now a TASEP on Z for which the rate of
apparition of a particle in site 1 is p(n) where 7 is the current configuration. More formally,
the boundary part of the generator is

P =nNLf ) — f].
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In this example, every mixture of Bernoulli product measures is invariant for the process.
Admittedly this case is too extreme; probably, suitable decay of dependency would create a
behavior similar to the finite dependency case.

For this generalized boundary mechanism, we will not have an exact solution as for the
TASEP(1). Indeed, one can check that this process is not almost classic and then does not
have any invariant measure which is of product form. Our approach is to study the number
of particles which have entered the system by time #. We will see that it grows linearly with
an almost sure speed equal to the stationary current j., := oof{n € X : n(1) =1, n(2) = 0}
for an invariant measure [L,. Define po as the root of p(1 — p) = j in [0, 1/2[. We believe
that the process has a stationary measure which is asymptotically product with density p.;
but we are still unable to prove it.

The rest of the paper is organized as follow: in Sect. 2 we give a construction of the
process defined above using a graphical representation similar to that introduced by Har-
ris [2]. We also introduce the basic coupling technique which is the main tool used in the
paper; in Sect. 3 we give some general results on the asymptotic behavior of the TASEP with
complex boundary mechanism. In particular, we show that, starting from the empty config-
uration, the process converges in distribution to an invariant ergodic measure [t; finally,
in Sect. 4 we study a particular example: take a TASEP(A) on Z and add a source (inde-
pendent of everything) with density € > O which is activated only when site 2 is occupied.
For this model, let N; be the number of particles which have entered the system between 0O
and ¢. Then the main result of this paper is the following strong law of large numbers:

Theorem 1.2 Let 0 < A < %, € > 0. Then starting from |1,

lim & =A1-=2)+21A—-2A)pA)e +o(e),

t—oo

with probability one, where p (L) is a positive constant (depending only on 1) for which we
give a natural probabilistic interpretation.

It should be noted that this particular choice of boundary mechanism is rather arbitrary,
and that our method is robust enough to be used in a much larger generality. However, the
notations which would be needed would be much more tedious, while providing very little
additional insight into the model-—so we choose to limit ourselves to one representative
case.

2 The Harris Construction

We will use the method developed by Harris [2] to construct our process. Let
N = (N, Ny s x € 25, € {0, 1Ry

be a family of independent Poisson point processes on R constructed on the same proba-
bility space (I, F, P), such that the rate of the processes indexed by Z, is 1 and the rate of
the process indexed by (n, 1) is d,,,; > 0. By discarding a P-null set, we may assume that

each Poisson point process in A has only finitely many jump times in every
bounded interval [0, 7], and no two distinct processes have a jump in common. “4)
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We denote
./\/0 = U ./\/',7,,7/ .

T],T]/E{O,l}(l ..... R}
Fix T > 0 and n € X. The process (1,)o<;<r starting from 5 is now constructed as fol-
lows. Consider the following subgraph of Z :

Gr ::{{x,x+1}:x2R,/\/xﬂ[O,T]7é(Z)}
U{{x,x—i—l}:xe{O,...,R—1}].

It is easy to see that every connected component of Gy is almost surely finite. Let 'y be the
subset of I" such that (4) and the above condition hold for all T > 0. Then we have 'y € F
and P[I"g] = 1. We consider now only w € I'y. For every connected component C of Gr, the
set (U, cc NVx) N[0, T is finite so its elements can be ordered chronologically 7 < --- < 1,
and we need only to describe the action of each of them. We start with the configuration n:

n:(x) :=n(x)

forallxeCand 0 <t < 1.
Suppose that the process is constructed on C for 0 <t < t; and k € {1, ..., n}. Then:

o if 7 € N; ¢ and if e 15k =& then 1y, 5, =& and 5, (x) := M (x) for all x € C\ Sk,
o if 7, € Ve and if Mer Ik # & then ny, (x) = U (x) for all x €C,
o if 7, € N, and Mo x)1 - Mo (x + 1)) =1then 7, := (nzkf)x.xﬂ onC,
o if 7, € N, and U x)a - My (x + 1)) # 1 then ny, := 1, on C.
Finally, we put n, :=n,, onC for 14 <t <7y if k <nandfortr, <t <T if k =n. We
make the same construction on every connected component of Gr and then let 7 go to
infinity to get the process (1;),>o for every w € I'.

The usefulness of such a construction is that, using the same Harris process, we can
construct two or more realizations of the process on the same probability space starting
from different initial configurations. We will refer to this coupling as the basic coupling.

3 The Attractive Case

Recall the usual definition of attractiveness (or monotonicity). Define a partial order on X
as follow:

n<é& iff VxeZ:, n(x)<&).

A function f on X is called increasing if n < & implies f(n) < f(&€). This leads to the usual
definition of the stochastic monotonicity: u; < uy iff (f),, < (f)., for every increasing

function f. We say that a process on X is attractive (or monotone) if one of the following
equivalent statements hold:

for every increasing function f, S(¢) f is also increasing for all r > 0,
and

U1 < o implies w1 S(t) < 2 S(¢) forall ¢ > 0.
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In this section, we consider the process with generator (3) and we assume the process
attractive.

3.1 The Stationary Measure

Proposition 3.1 Assume that the process is attractive (or monotone). We start from the
empty configuration and we denote by |, the distribution of the process at time t. Then, the
process (J4;);>0 IS stochastically increasing and converges to a measure |, € L, which is
the smallest invariant measure of the dynamic. Furthermore, |1 € I, and |1 is ergodic.

Proof Let 0 <s <t. We have §y < u;—s, where & is the measure charging the empty con-
figuration. Thus by monotonicity of the process, we have §S(s) < ,—sS(s), i.e., s < ;.
Hence, by monotonicity, u, converges weakly to an invariant measure f4«.

For all v € Z, we have &y < v, which implies that u, < v for all > 0, and then o, < v.
Assume now that s = Avy + (1 — A)v,, with v, v, € Z and A € [0, 1[. We have po =
A+ (1 — A)vy > oo, thus V) = vy = Lo and [t is extremal. Finally, by Theorem B52 of
[6], too i also ergodic. O

Proposition 3.2 0%y, is stochastically dominated by the measure ,u{ 12 of Theorem 1.1.

Proof Define N := (N, x € Z,), where N| := N, g. Then N defines a TASEP (&)
on Z% with rate 1 of particle apparition in 1. By Theorem 1.1, starting from the empty
configuration, the distribution at time ¢ converges to pul /2 In this coupling, we have
&(x) = n,(x + R) almost surely for all # > 0 and x > 1. Thus the restriction of p to
{R+1,R+2,...}is stochastically dominated by /L} 2 O

3.2 Asymptotic Measures
Let us extend the measure /i, to a measure on {0, 1} by

_ - - n(x) ifx>1,
Hoo(A) = {ne€ X €A}, whereq(x):= .
0 otherwise,

for all A in the product o-field of {0, 1}%. By a slight abuse of notation, we still denote
this measure by fieo. Let u¥ := 0% 1o, and consider any weak limit 4> of this sequence; let
k; 1 oo such that:

lim phi = p™®

11— 00
Proposition 3.3 The measure 1> is a translation invariant stationary measure for TASEP
on 7. Consequently, it is a mixture of Bernoulli product measures, i.e., there exists a proba-
bility measure o on [0, 1] such that

1
,u°°:/ vio (d)).
0

Proof Let Q¢ be the generator of the TASEP on Z. For any cylindrical function f :
{0,1}2 > R, let x € 77 large enough such that supp6” f C {R + 1, R + 2, ...}, where
supp f is the support of f. Thus 6* f could be considered has a function on Z* and we can
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Semi-infinite TASEP with a Complex Boundary Mechanism 1075

apply the generator 2 to this function. We get Q6Y f = Q67 f for all y > x. But it is easy
to see that 2¢ and & commute, thus we have

/ Q0" f o (dn) =0 = / 09 f o (dn) = f Q° f dn).

Hence for i large enough, (2¢ f),; = 0, which implies that (Q2¢ f), = 0. This is true for
arbitrary f thus u* is invariant for the TASEP on Z. We know that for this model we
have Z, = {v*, A € [0, 11} U {v,, n € Z}, where v, = 6" v, and vy is the Dirac measure of the
configuration for which all the sites x > 0 are occupied and all the sites x < 0 are empty
(see [4]). Using Proposition 3.2, since Mi /2 is asymptotically product with density %, n>
is stochastically dominated by v'/2. Thus u® is translation invariant and is a mixture of
Bernoulli product measures. O

3.3 A Strong Law of Large Numbers

Let 1 be an invariant and ergodic measure for the process with generator given by (3). Fix
&, € and &’ three configurations on Sk and consider

N(@t) :=1Nge N1,

with I, := {s € [0, 1] : 555, = &0}, where we denote by A the closure of a set A C R,. We
show a strong law of large numbers for N (¢) which will be useful in the sequel.

Proposition 3.4 If ng is distributed according to i and if €' # &, then almost surely:

. N(@)
lim —— =d: et {77 € X s, =$0}.

t—00 1

Proof Let

t
T ::/ lns|sR:EOds’
0
and
Y():=inf{s>0:T, =t}.

Since p is ergodic, T, /t =2 win € X :nis, =&} almost surely. Let I := {t > 0: 5, =40}
—00

¥ : R — I is a one to one map, since it is increasing, thus we can define M := ¢! (N ¢ N
I) and N'(t) := (M N ]0, r]) the associated counting process. We have N'(¢) = N (¥ (t))
almost surely.

Claim: M is a Poisson point process with parameter de ¢'.
Let 7o :=0and fori > 1:

T =inf{t > T,y 1 05, = o}, T=inf{t > ;1 ns, &) and  J =[5, T].

(ti)i>1 and (%;);> are stopping times for the process (N N [0, ¢]). To prove the claim we
need to distinguish two cases.
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Fig. 1 On the time interval [0, ¥ (z)] we see the set Iy () in grey. The total length of the grey part is 7. The
stars are points of the process N; ¢ ¢~ In this example, N ") =5

w(t)

Fig. 2 In the first line, we see the time interval [0, ¥ (#)]: the set Iy () is in grey; the stars are points of the
process ./\/'5‘ ¢~ They are always at the end of intervals of I, (;) since they change the current configuration.
In the second line, we see the Poisson point process NE,S/ viewed from 11/, (t)» i.e., the set M N0, t]

Case & # &: (see Fig. 1) In this case, the points of A¢ & N 1 have no effect on the con-
figuration. Hence for each i > 1, with the strong Markov property, 7; and the length of J;
are independent of NV ¢ N [1;, oo[. Consequently, conditionally to J;, Ng & N J; is a Poisson
point process with parameter ds ¢. Again with the strong Markov property, (Nz & N J;)i>1
are independent conditionally to /. Hence, the claim follows.

Case § =&): (see Fig. 2) In this case, each M; := N; & N J; has, almost surely, at most 1
point, thus we have to argue in a different way. For i > 1, let

o; :=inf Ng g N [1;, 00[

and

o/ :=inf U (Ngy.e» N [T, 00[) U (N: N[z, 00]).
E"eXp\{%0,&") xef{l,..,R}):
N ()=Lng; (x+1)=0

The interpretation of o; and o/ is simple: if 0; < ¢/, then the time interval J; ends with a
jump in Mg ¢ and M; contains one point (M; = {7;}); if 0; > o/, then the time interval J;
ends with an other jump and M; is empty. By the strong Markov property, the sequence
(07)i>1 is i.i.d. with distribution exponential with parameter d; ;. Furthermore, because of
the independence of the Poisson point processes in NV, (0;);>1 and (07});>; are independent.
By construction, inf M = Zii[ min(o;, 0/), where [ :=min{i > 1:0; < o/}. Hence, using
basic properties of Poisson processes, it is easy to see that inf M is an exponential random
variable with parameter d; /. Finally, using again the strong Markov property, the claim
follows.

Then, for every € > 0, ¥ (T;) <t < ¥ (T; + €). Since N(¢) is non-decreasing, we get
N'(T;) < N(t) < N'(T, + €). Consequently:

N/(TI)ES N@®) _ N,(Tr‘f‘f)Tt-‘rf.

T, ¢t~ t = T, +e t

Since both sides converge to dg ¢ u{n € X : |5, = &o} almost surely, it leads to the conclu-
sion. |
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Fig. 3 Particles enter with A
additional rate € when the site 2 TN . .
is occupied | | ‘ ‘
+€
Y
o o o [
| |

. @

4 A Particular Case and the Multi-species Model

In this section, we are interested in a particular case of TASEP with a complex boundary

mechanism: let A, € > 0 such that A + € < % Particles are created at site 1 with rate A +

€n(2), where 7 is the current configuration and the bulk dynamic is the one of the TASEP.
This model has a generator given by:

Qf) =Y 1) A=+ 1) [fOrcs1) — F)]

xeZi
x (1=nM)O+en@) [fm) = f], Q)

for all cylindrical functions f on X. As it is explained in the introduction, the choice of
the model is rather arbitrary, and the methods that we use are quite robust (at least as long
as the system can be dominated by a Bernoulli product measure of intensity lower than
1/2—which is indeed the case here).

In this model, the range of the boundary mechanism is R = 2. The hypothesis € > 0
implies that the process is monotone, thus we can define the smallest stationary measure
Moo = Moo(X, €) of the model. Using the Harris representation, we can couple this process
with #*, a TASEP(1), and n**, a TASEP(X + €), in such a way that if 1§ < no < 1™ then
for all > 0, n* < n, < n**¢. This proves that v* < j1, < v*™€ and then v* < poo < VT,

4.1 Some Estimates About the Particle Flux

Here we will see another way to see the process with generator given by (5). For any i > 1,
let

X =00, 1,...,i}%.

We define

QY f(n) := A=l f (1) — F()]

+ Zfln(l)zjﬂln(z):jq[f(npl) - fml

j=2

+ el (oo ly2)=i[f Mim1) — f(0)]

+ Zln(.x+1)>n(x)[f(nx.x+l) - f(n)]a (6)

x=1

for all cylindrical function f : A; — R, where

j ifx =1,
Nj—1 (x) = J .
n(x) otherwise,

for jefl,...,i}.
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Fig. 4 First class particles enter
with rate A whatever is the
configuration in {2, 3, ...} and
second class particles enter with
rate € if the site 2 is occupied by
a first class particle. Particles in
black are indistinguishable
particles (their class has no
influence on the rate of the source
in the current configuration)

>>
o
[

@) ®>m C)

4® 4® L
@
@

ol
@/\\

-© O
@
@
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We fix i > 2 for the sequel. The new description is described in Fig. 4 and in the follow-
ing. We put the particles into a certain number of classes. For a configuration n € A} and for
a site x € Z%, the number n(x) designates the class of the particle at site x if it exists, ie.,
if n(x) # 0o, and is equal to oo if the site is empty. We use here another notation for empty
sites because it allows us to have a simpler expression for the generator and we can also
interpret holes as particles of class infinity. The evolution is the same as before, except that
if a particle of the k-th class (or of type k) attempts to jump on a site occupied by a particle
of the j-th class (or of type j), then it is not allowed to do so if k > j, and the particles
exchange positions if k£ < j. We say that a particle of class k € {1, 2, ...} has priority over
all particles of classes greater than k. In this way, a particle of type k behaves as a hole for
particles of type j < k.

Now we will explain how we affect classes to the particles. First class particles enter the
system (at site 1) at rate A. As they have priority over other particles, they are not affected
by them, so the process of first class particles is simply a TASEP(A) on Z% . Next, particles
of class 2 < j <i — 1 enter the system with rate €, if the site 2 is occupied by a particle of
class j — 1 and with rate O otherwise. Finally, particles of class i enter the system with rate
€ if the site 2 is occupied by a particle of class i — 1 or i and with rate 0 otherwise. For each
configuration of the system, at most 2 types of particles are allowed to enter the system. We
can also remark that if we consider the process consisting with particles of class 1,...,1,
then it has the generator given by (5).

In terms of the Harris system, we define N\ the collection of the following independent
Poisson point processes on R : let (N, x > 1) be Poisson point processes of rate 1; let
(/\/’J’? , J = 1) be Poisson point processes of rate A for N, 1” and of rate € for the others. In the
sequel, we consider holes as particles of class infinity. The mechanism is then the following:
if £ > 0 is a jump time of A, and if at time ¢t~ we have n(x + 1) > n(x) (i.e., the particle
at x has higher priority than the one at x + 1), then the particles at x and x + 1 swap; if
t >0 is a jump time of A/? and if at time ¢~ we have 5(1) > 2, then a first class particle
appears at site 1; if # > 0 is a jump time of ./\/']l.’ with 2 < j <i — 1 and if at time ¢t~ we have
n(1)>j+1and n(2) = j — 1, then a j-particle appears at site 1; finally, if # > 0 is a jump
time of /\/f’ and if at time r~ we have n(1) = oo and n(2) € {i — 1, i}, then an i-particle
appears at site 1.

We denote by S (¢) the semi-group corresponding to the generator Q) and by (n),~0
the process of the j-th class particles for j =1,...,1i, i.e., n,('i)(x) :=1,,(x)=j. The process
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Semi-infinite TASEP with a Complex Boundary Mechanism 1079

is attractive, thus we can define ¥ as the weak limit of 8,5 (¢). As in Proposition 3.1,
this measure is extremal, ergodic and the smallest invariant measure of the system. For all
1 <j <i, we denote n(’) = Zk L e ®  Remark that the process (r] )),>0 is exactly the
process that we want to study, i.e., it has the generator given by (5). Furthermore, for all
J > 1 the distribution of the process (n, ) >0 is the same for all i > j + 1, i.e., the generator
of this process is independent of i since changing the value of i is equivalent to adding or
removing some particles with lower priority.

In order to compare the processes ( ﬁ,i_l)),zo and (ﬁ;i) )i=0, we need to control the number
of particles of a given type in the system at a given time. Let Nt(j ) be the number of Jj-
particles which have entered the system between times 0 and ¢, and define

. t )
1= [ i @ds
0
and

T, = / V) (1 —nP(1))ds,
0

forall je{l,...,i}.

T is the time spent by j-particles in site 2 during [0, ¢], and 7, is the length of the
subset of [0, t] for which 2-particles can enter site 1 with rate € (excepted if the site 1 is
already occupied by another 2-particle). The following lemma says that we have a uniform
control on the total time spent by a particular particle of type > 2 at site 2. Let T be
the total time spent in site 2 by the k-th particle of type j > 2 which have entered the
system.

Lemma 4.1 There exists a constant C;, € 10, +00l, independent of €, such that for all k > 1
and all j > 2 we have

E[TY*] <.

Proof Let E, be the event that, between times ¢ and ¢ + 1, a first class particle enters (or
tries to enter) the system, then jumps, if it is possible, to site 2, and finally another first class
particle tries to enter the system. We also assume that in E, there is no other jump time for
N1, N> and N7 between 0 and ¢. In particular, if E, occurs and if there was a particle of type
greater or equal to 2 in site 2 at time ¢, then it has disappeared at time ¢ + 1. g(}) := P[E/]
does not depend on ¢ neither on € and g (1) > 0.

On the event {To(g ks t}, there exists a time t such that the k-th particle of type j is at
the site 2 and it has spent exactly time ¢ in this site between 0 and t. We have E, C {To(g )k <
t + 1}. Hence

P[E T > 1] < P[TV* <t + 1ITD* > 1]. @)
But 7 is a stopping time for the Markov process (nfl),l =1,..., j)i>0 and the event E;

depends only on the Poisson processes of the Harris system for times between t and 7 + 1,
so, conditionally to {t < oo}, E; has the same law as E, by the strong Markov property.
Hence the left-hand side of (7) is equal to g (1). Finally, we have

P[TO* >t 4+1] <1 —qO)P[TD* >1].
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The last inequality implies that there exist some deterministic positive constants a;, a,, de-
pending only on A, such that almost surely and for all # > 0 we have

P[T;c{)'k > t] <aje .
The result follows with C;, := fooo aje'dt. a
Finally, the following theorem gives the estimates that we need:
Theorem 4.2 Foreach 1 < j <iandk > i, T,(j ) /t converges almost surely to a determin-

istic value if the process starts under /,Lg;). Furthermore, for all € < %, where C,, is as in
A
Lemma 4.1, we have

N . 70 .
limsup; Sc,»_lef_l, lim —— Sc,»ef_l,
t—00 t ’ t—oo :
forl1<j<i-—1,and
0 ‘ 7 .
limsup —— < 2¢;_1€' 7}, lim —— <2¢;e' !,
p
t—00 t t—oo f

where (c;) j=1
i—1
C){ Cp.

i are constants (depending only on L) such that co := A(1 — A) and cj :=

Proof We have seen that every ug’;) is stationary and ergodic, so by the ergodic theorem, we
have almost surely

Tt(j)
— n {n € X n(2) = j} ®)
t t—oo
and
T’ (k)
S uline X)) =2.02)=1). ©

Since the distribution of the first class particles is v* under every %), the right-hand side
of (8) is A if j = 1 and the right-hand side of (9) is A(1 — A). Using Proposition 3.4, N /1
converges to A(1 — A) almost surely.

Let

MP =t {se NZN[0,1]: 02 (1 - P (D) =1}.

Then almost surely N> < M* and applying Proposition 3.4:

2) M(Z)
limsup —/— < er(l —A) = lim ——. (10
=00 t t—oo f

Now, we need to find an upper bound for lim,_, o, Tt(Z) /t. First, we can remark that Tt(Z)
can be decomposed into two parts: the time spent by initial second class particles, i.e., parti-
cles present at time 0, denoted by T,fz), plus the time spent by the new second class particles

in site 2, denoted by T,%) But, since Tt(? is bounded by a random variable that is almost
surely finite, it is sufficient to study lim,_, o, Tt(? /t. Indeed, using A + € < 1/2, it can be
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shown that every initial second class particle has a probability uniformly bounded from be-
low by a positive constant, to never go behind its starting point (see [7]). Thus the number of
initial second class particles visiting the site 2 is finite and each of them spent a finite time
in this site as a consequence of Lemma 4.1.

As we have seen previously, u% < v**¢. The idea is that since we know the number of
second class particles created up to time ¢, it is sufficient to bound the time spent in site 2
by one of them in the environment v**¢ where it is slower. But there are some difficulties.
For example, at the moment where a second class particle is created, the environment in
{2,3,...} is not dominated anymore by a Bernoulli product measure with density A + ¢
because we know that a first class particle has to be in site 2. To avoid this problem, we will
use the following fact: if a particle of a class different than 1 is at site 2 at time ¢ then it has a
positive probability (depending only on 1) to be out of the system at time ¢ + 1. This implies
Lemma 4.1 which says:

E[T2'] <, (11)
where C; is a constant. Take any > eA(1 — 1) and
T ::inf{t >0:Vs>1, Ns(z) < ,BS}.

We have that 7 is almost surely finite by (10) and

T(? N 1)
2 Lprey) < — ZT@) ey < = ZT(Z) S (12)
k=1
Taking expectation in both sides, it leads to
T(2) LﬂfJ |Bt]
E| 2 E[T2*1o] < —C. 13
ERCIE S ERER ™
Hence, by dominated convergence we have almost surely
T(2) T(Z) T(Z)
Iim — = lim — = lim E |:—1 Z<,}i| < BC;. (14)
t—>oo0 f t—o0o —00

The above inequality is true for all B > eX(1 — 1), thus we also have

T(Z)
. t
lim — <eX(1 —A)C;.
t—oo f
Let now ¢; := Cjc; and by induction, using exactly the same arguments, we have for all
I1<j<i-1:
)
N,
limsup —— <c;_je/ 7!,
t—00 t

and

T(j)

lim — <c¢; el

t—oo f

where ¢; 1= C/'A(1 — 1).
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Finally, let « := limsup,_, Nt Doing the same computation as in (12), (13) and
(14), we get:
(@)
lim — <aC;.

t—oo f
Consequently,
@i-1 (i)
. T + T, i
lim L—— <¢ €2 4aC;,
t—00 t
which implies as in (10):
0) '
lim sup L o—a<(ci1€P+aCye.
o0 1
Since € < %, we have ¢ <2c¢;_1€'~! and
0) ‘
lim —— <2¢;e .
t—o0 t ! O

Now, let Nt(';l) and ]\_J,(i) be the number of particles which have entered the system be-
tween 0 and ¢ for the processes (ﬁ,’fl))tzo and (ﬁ,(’)),zo. We deduce from the above theorem
that

) N(i) _ ]\‘/(i—l) ] (@) )
limsup ——— =limsup — = O (' ).
—00 1—00 t

4.2 The Asymptotic Flux at the First Order

In this section, we consider the particle system with generator given by (6) for i = 3 (see
Fig. 5). In order to differentiate it from particle systems we will define below, we will now
refer to this system as the true process. In the previous section we have seen that in order to
compute lim;_, o, 1\_/,(” /t up to order ¢, it is sufficient to compute this limit only for first and
second class particles. In other words, if N,(j ) denotes the number of new Jj-particles, i.e.,
the number of j-particles at time ¢ which was not in the system at time 0, then:

O NUPNT N NV NP
limsup ——————— =limsup ———— + o(¢),
1—00 t 1—00 t
2)
=A(1 —A) + limsup % +o(e).

=00

VRN
‘ | | ’ | \. .\

Fig. 5 First class particles, in black, enter with rate & whatever is the configuration in {2, 3, ...} and second
class particles, in grey, enter with rate € if the site 2 is occupied by a first class particle
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In the following we denote by N,, rather than by N!”, the number of new second class
particles because there will be no possible confusion. The aim of this section is to prove
a law of large numbers for N; and to compute the limit up to order €. First we introduce
some notation. Let ¢ > 0 such that A + ¢ < % and € € [0, c]. Consider the point process
sz N{t>0:n/(1)#1,n/(2) =1}, and denote its elements ordered chronologically by
7 <--- < 71f <---. By construction, at each time z/, a second class particle tries to enter
the system. We denote by X;(¢) the position at time ¢ of this particle, with the convention
X; () := 0 if the corresponding particle is not in the system at time 7. We define

Tis = inf{t > ‘L'l-e : X,‘ (t) = 0}, S,' ([) = 1X;(t)217 and S,‘ = 1-[[9200.

Remark that there is a positive probability that 7 = 7. This happens if 7¢ (1) = 2. In this
case, X;(t) =0forall t > 0.

In order to have simpler estimates in the sequel, we consider the process (1;);>0 on X3
starting with the measure ;L@(.M(l) # 1,n7(2) = 1). Of course, the limit that we obtain in
this case is the same as the one we would get if we started from pcg). Moreover, the estimates
of Theorem 4.2 also hold in this case. Indeed, the distribution of the process converges to
,ug). In the sequel, we denote 7, (x) :=1,,(x)200 the process with indistinguishable particles
associated to (1;);>0-

Since v* < 1o < V¢ and the dynamic is monotone, we can make a basic coupling with
a TASEP(L), denoted nf”f , and a TASEP(X + ¢), denoted n**7, such that:

Atc

. nf)”f has distribution v*(.[n(1) =0, n(2) = 1),
o 7, has distribution v**¢(.|n(1) =0, n(2) = 1),
e almost surely ™ <7, <™, forall t > 0.

4.2.1 The Process Without Interaction

We define a new particle system with state space {0, 1, (2, 7);=;}*+ and the following gener-
ator:

Q. f () == vl (f1s1) — £FM)) + €lyi)21 n@=1 (f (1) — £ ()

+ D Lywsonesnz (FO ) = £, (15)

x=1

for all cylindrical function f, where

1 ifz=1,
Mm-1(2) == {77(2) otherwise, (16)
2,1 ifz=1and n(1) =0,
Mmo1() =13 2,i+1) ifz=1and n(l)=(2,i), a7

n(z) otherwise,
and

Nex+1(2) i () =1,

x,x+l( )_ 0 if’?(x)?éland2=x»
=N @it ) ifr=x4Ln) =2 Dandnx + 1) =@, j),
n(z) otherwise,
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with the convention (2,0) := 0 (j can be equal to 0). We will refer to this process as the
process without interaction.

This particle system has the following description: there are two classes of particles;
first class particles perform a TASEP(v); second class particles enter with rate € if a first
class particle is in site 2 and with rate O otherwise; they have lower priority than first class
particles; and, contrary to the process of Sect. 4.1, second class particles are allowed to jump
on a site containing one or more second class particles. Once some particles (necessarily of
type 2) are on the same site at a given time, they will always jump together since they use the
same Harris system. Another possible choice would be to put a Poisson clock on particles
instead of sites. This would lead to the same asymptotic results.

To link our process to the above one, we proceed as follows. We construct a process
S”’f on {0, 1, (2, l)1>1}Z+ with generator €2, in such a way that the process n’”f defined
above is exactly the process of first class particles of £7/. Furthermore, at each time 7/, we

add a second class particle in £/ at site 1 and we denote by X"/ (1) its trajectory. This
particle will behave as a second class particle in the system with generator (15), i.e., it has
a lower priority than first class particles but it can jump on a site already occupied by an
other second class particle. As a consequence, we can remark that, contrary to X;(zf), we
have almost surely Xf”f (zf) > 1. By construction we almost surely have X; (1) < X::"f )
for all ¢+ > 0. Indeed, £/ and 5 have the same first class particles and contrary to Xf"f s
the particle X; is blocked by other second class particles thus it stays behind X f"‘f . In order
to bound from below the trajectory X;(¢), we now construct a process £°“? on {0, 1,2}%
such that for all # > 0,x > 1, 1w, = n? (x), by affecting the type 2 to particles of
n*"P entering at times (z);>;. In the same way, we denote by X;"’(¢) their trajectory and
we have almost surely for all 1 > 0, X;*” (1) < X;(t). We define analogously the quantities
ij NWP s, lnf’ 7'_is,sup’ etc.

Consider the following initial configuration: at time 0, first class particles are distributed
on Z* \{1, 2} according to v* (the Bernoulli product measure with density 1), and we put one
first class particle in site 2 and one second class particle in site 1. We show in Proposition 4.6
below that this is exactly the distribution of the configuration n’rﬁf for all i > 1. Then first
class particles enter site 1 with rate A and they have priority over the second class particle.
Two cases can occur: either the second class particle survives, or it dies. Let p(X) be the
probability that the second class particle survives. p is a non-increasing function, p(0) =1,
p(%) =0and p(A) > 0 for all A < % Indeed, for the last point, it can be shown that if
the second class particle survives, then it has a positive speed 1 — 21 (see e.g. [7]). The
exact expressmn of p(A) is unknown. However, simulations indicate that p(1) = 1 — 2 for
A e |[0, 2] We have by construction and with results of Sect. 4.2.2 below, P[Smf =1l=p»)
and P[S;” = 1] = p(A + ¢) for all i > 1. Consequently, p(A +¢) <P[S; = 1] < p(A).

The aim of Sect. 4.2 is to prove the following law of large numbers:

Theorem 4.3 Almost surely, lim, g % lim;_, o % =A1-=2)pQK).

With the discussion at the beginning of Sect. 4.2, Theorem 1.2 follows.

The idea is the following: when € is very small, second class particles do not interact
before they are very far from the left boundary and if a second class particle is far enough
from this boundary, then it survives with high probability. In other words, the effect on N,
of interaction goes to 0 with €. The first step in the proof will be to find estimates for the
process without interaction and to prove the theorem in this case. Next, we will show, for
the true process, that if two second class particles meet, they both survive with a probability
going to 1 as € goes to 0; this implies the theorem.

@ Springer



Semi-infinite TASEP with a Complex Boundary Mechanism 1085

4.2.2 Distribution of the Process at Time t{

In this section we prove that at each time 7/, the process ni'_f;f has distribution v*(.|79(2)(1 —
1no(1)) = 1). For that we need some preliminary results about the motion of a tagged particle
in a TASEP. It is convenient to regard the exclusion process as a Markov process (X, n;) on
the space V := {(x, n) € Z7 x X : n(x) = 1}, so that x is the position of the tagged particle
and 7 is the entire configuration. Consider the generator

Qfee,m =Y MU=+ D) [fE, 0,0 — fx,m]

YELY y#x

+ A=+ 1) [f+ 10w = fx,m], (18)

for all cylindrical functions. Suppose that initially, the tagged particle is placed at some
point x € Z and other particles are placed according to the Bernoulli product measure with
density A on Z3 \{x}. Then the system is stationary when viewed from the position of the
tagged particle. In other words, for all # > 0,

E|[[n@o) | =24,

yeA

where A is a finite subset of Z7 and

]y if y < X;,
¢z(y)~—ly+1 ify> X,.

Moreover, the random variable ]_[ye A M:(¢:(y)) is independent of X, for each ¢. Conse-
quently, it can be shown that X, — X is a Poisson process with parameter 1 — A (see [5]).
The following proposition will be useful to describe the process at a random time.

Proposition 4.4 Let X, be the position of a tagged particle starting at site 0. The other
particles are initially distributed according to a Bernoulli product measure with density
on{l1,2,...}. Let Hy:=0, and for i > 1, let H; :=inf{t > 0: X, = i}. Then for all i > 0,
(M#; (X H; + X)) x>0 has the same distribution as 1.

Proof By the strong Markov property, it is sufficient to prove it for i = 1 since it is true for
i = 0 by hypothesis. Define X° := X, and fori > 1, X! is the position of the i-th particle to
the right of X, (X! always exists if A > 0 and if not the result is obvious). The result will
follow if we can prove that X }1] - X ;’1] oo X %11 - X 1%117] are i.i.d. random variables with
geometric distribution with parameter A for all L > 1. Since X, — X, is a Poisson process
with parameter 1 — A, the process & (i) := X!*!' — X! — 1, fori =0, ..., L — 1, is a totally

asymmetric Zero Range process on {0, ..., L — 1} with generator
L-1
QFE) =Y L=t [fE) = FO]+ A =0 [FED - £&)]. (19)
y=0
where
£§(2) ifz¢{y—1y}
§'@) =150 -1 ifz=y,

Ey—1+1 ifz=y—L
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Let  be the product measure on N such that p{& : £(0) = k} = A(1 — A)¥. p is invariant
for & and &, ~ w. We also have

Hy =inf{t >0:§-(0) =§(0) + 1},

i.e., H is the first time at which a particle leaves the system (from 0). We need to prove that
&n, has distribution u. Let ¢ (&, ¢) be the rate for which (&;),>¢ goes from £ to ¢, for every
£,¢eN andletg(§) == )", q(§,0).

Fix a configuration y € N* and let ¢ (§) := P[ép, = y|& = £]. Conditioning on the first
step we get:

qé.y)
q(&)

1,_c0. (20)

q(.0)
¢E) =) = L0=e0b (@) +
— q©)

Moreover, since p is invariant, f Qo (E)du =0, thus

D u@EqE OP@) = Y nEqE OPE) =) uEqE¢E),
§.¢ §.¢ §

D nE9E Oz @) + Y 1E)gE M, 2D
£.c 5

But ¢ (&, £)1;0)<z0) = | if £ = £° and 0 otherwise, hence

Y U@ EN 021 = D 1w E)qE. 11,0,
§ &

=pE:E=y)=10-Duy). (22)

Finally, the left-hand side of (22) is equal to
(=2 Y 9 E ke = 1 - 1) [ 9E)an,
&

which leads to P[£y, = y] = u(y). O

Corollary 4.5 Consider the TASEP on Z7, starting from V(. In(2)(1 — n(1)) =1). Let H;
be the time at which the first particle created is at site i, for i > 1. Then (ny, (i +x))x>1 has
distribution v*.

Proof By Proposition 4.4, it is sufficient to treat the case i = 1. The distance d between
the initial particle at site 2 and the new particle evolves as follow: it increases by 1 with
rate 1 — A and decreases by 1 with rate A until the new particle is at site 1. Hence, at this
time, d + 1 is distributed as a geometric random variable with parameter A. Using again
Proposition 4.4, the configuration in front of the first particle has for distribution a Bernoulli
product measure with parameter A. Therefore, it is the same for the new particle. |

Now we can give the distribution of ni’_ﬁf .

Proposition 4.6 For eachi > 1, ni’_ﬁf has distribution v*(.|no(2)(1 — no(1)) = 1). In partic-
ular, it does not depend on €.
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Proof We use the following compact notation for initial measures: v*(.|no(2)(1 —
no(1)) = 1) will be denoted by 01 v*, and v*(.[no(1)) = 1) by 1v*,

Let f be a bounded function on {0, 1}%%. Conditioning on the type of the first new particle
and using the above corollary with the Markov property we get:

B[ @] = B (1@ 0] + - Lt g [£&*n:0)].

—A+e —A+e

The first expectation on the right-hand side is equal to (f),» and, using Proposition 4.4, the
second expectation is equal to EO'V* [f (6%71:¢)]. Hence E01 Lf (0*1:)] = (f) - O

4.2.3 Proof'in the Case “Without Interaction”

Consider a family (N, f o<i< ! of Poisson point processes such that the parameter of A, ,\b is A
andforall 0 <A <pu <1 NP C N7 and /\/Zj\/\/’f is independent of N Take also a family
(né)o§x<% of initial configurations such that né(2)(1 - né(l)) =1 forall A € [0, %[, the dis-
tribution of n} on {3,4, ...} is v*, and forall x > 3and all 0 <A < u < %, 9 (x) <} (x) al-

most surely. Then using the same Poisson point processes (N, x > 1) for the bulk dynamic
we construct, as in Sect. 2, the family of TASEP (n.k)05x< 1 such that n_}‘ is a TASEP(A) and

2
forallr >0andall0 <A <pu< L nf < n! almost surely. At time 0 we add a second class
particle in site 1 to each of these processes and we denote by X; (¢) the position at time ¢
of the particle in the process n* (with the convention X, (¢) := 0 if the particle has left the

system). We define
8" :=1x, survives,
and
H}:=inf{t >0:X,(t) = x},
forall x > 1.
Since we use the basic coupling, the following inequality holds almost surely:

X5 (1) = X, (1),

for all A < p and all ¢ > 0. This easily implies that, for all A < u and all x > 1, S$* > S*
and H} < H". Furthermore, by definition of p(.), S* is a Bernoulli random variable with
parameter p(A).

We start with an intuitive lemma which will be useful to propagate results from the
process without interaction to the true process.

Lemma 4.7 The function p : [0, 1] — [0, 1] is right-continuous.

Proof Since p(1) =0 for A > 1, it is sufficient to prove it on [0, 1[. Let 0 <A < 1, €' > 0

pu— 2 b
and 0 <c¢ < % — A. There exists some x > 1 such that

P[S*"=0|H}* <o0] <€

Indeed, if M := max{X;_.(t),t > 0} then conditionally to {S**¢ = 0}, M is almost surely
finite. Thus there exists x > 1 such that
p(A+c¢)

P[M = xS =0] < ————.
1—pA+o)
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Then, using
{H}" < oo} ={M = x},
and
P[M>x]=P[s"*=1]=p(+0),
this implies

P[s)~+c — 0]
_— <
P[M > x]

!

P[$™¢ =0|H}" <oo| =P[M > x|§"* =0]

Furthermore for all € € [0, c],

_ P[H}** <o0] —P[S** =1]
o P[H} < 0] ’

_ P[S*€ =0] -1

P[S)L+€ :O|H:\.+€ < OO]

= 1,
P[H}*¢ < 00] +
P[S*T=0]—1
< ——— 41,
P[H}*¢ < o0]
=P[§"=0|H™ <o0] <€ (23)
Now let #y > 0 such that
P sup X.(1) > x|H <oo] S1—¢. (24)
te[0.10]
We can find 0 < ¢’ < ¢ such that
P [Z(W”’ (i) = 15) =0, WL AN N0, 1] = @} >1-¢. (25)
i=1

We define the events
B:= { D @) = ) =0, (N2, \ND) N0, 10] = @} :
i=1

and

A= { sup X, (1) Zx} N B.

1[0,19]

By the Harris construction of the process, the event B is independent of {H < oo} and
{supZG[OJO] X;.(t) = x}. Moreover, A C {HX“"’ < 00}, thus using (24) and (25)

P[Hx“"’ < 0ol H> < oo] > P[A|H? < o],
= P[ sup X, (1) zx|Hxx < oo]P[B],
1€[0,79]

>(1—-€)>1-2¢. (26)
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Finally, with (23) and (26), we get

Now we prove Theorem 4.3 in the case without interaction.

Nr

Proposition 4.8

inf

lim =11 -=2)pR).
e—>0 € t—>©
Proof We use the coupling of 1. with the processes &/ and £*7 defined in Sect. 4.2.3.

Recall that N, is the number of 2-particles at time ¢ which are not in the system at time
0 for the true process (1;);>0, i.e., the number of X; for which t¥ <t < /. N and N
have the same definition as N; but for processes S"'"f and &7 respectively, or for particles
X" and X" respectively.

Let N, := (N2 N {t>0:n,(1) #1,1,(2) = 1}). N, is the number of 2-particles (in the
process n.) which have entered the system between time 0 and time ¢, i.e., the number of X;
for which ¥ <.

The convergence to almost sure limits is a consequence of Proposition 3.4. Indeed, for
example N, counts the number of elements of A} b for which n,(1) # 1 and 1,(2) = 1 minus
the number of elements of A/ b for which #,(1) = 2. Furthermore, by Proposition 3.4, N, /t
converges almost surely to A(l — A)e.

We denote by (#,),>; the successive times at which the N,n -th 2-particle of the rrue
process is exactly the n-th particle which will survive. Then:

inf N/,l
N n
~ Y-
Thus if n, := sup{fn > 1 :1, <t} then, since f,/n converges almost surely to
(lim,0e N/ /1)~1, we almost surely have:
inf
n, — N,
lim ——— =0. (27)
t—00 t

On the other hand, n, is exactly the number of 2-particles which are in the system at time ¢
and which will survive, i.e., n, = ZN’ S"'f almost surely. Hence:

Ny inf
N,
lim — S”’f = lim ——, as.
t—oo t ; t—o0 f
i=
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Next we compute the limit of 1/7 3 M S in expectation. Let €’ > 0 and

i=1%i
<e’}.

N
r::inf[tzO:VsZt, Tt—k(l—A)f

7 is almost surely finite and, using E[S;"f] =p),

1 LO.(1=0)e—€)t]

1 X inf inf
E ;,;Sif == Y E[si«’l,s,],

i=1

L (1=1)e—€")t]
(1 = 2)e =€) n
> t poI== Y E[sM1.].

i=1

Since S/ is bounded by 1

L& o | LG = e — ext)
E ;;Si > t (p() — Pt > 1),

Let ¢ go to infinity, then €’ go to 0:

. 1 i inf
lim -y S > 11— 1) pQe.

t—oo
i=1

On the other hand

LA(1=2)e+e)1]

Ny
1 i 1 i
inf inf
E ; ; S,‘ 1151 =< ; ; E [S, lrft:l )

- LA (1 — );)6 +ée)t] OO,

which gives the reverse inequality letting ¢ go to infinity and €’ go to 0. Finally

Ny inf

1 inf N
lim - Y 8" = lim —— = A(1 — 2)p(L)e.
t—oo = t—oo f [}

4.2.4 Interaction Implies Survival

The following lemma states that if a second class particle goes far enough, then it survives
with high probability.

Lemma 4.9 For all € > 0, there exists xo (depending only on ) and €') such that if c is
small enough, then for all i > 1

P} <00,3t>0,X;(1) > x0] <€'.
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Proof We start by proving the same result for X"/, Let
M :=sup {X::"'f(z),t > 0} .

Conditionally on {r;’i"f < oo}, M is almost surely finite, thus we can choose x( such that

s,in 6,
P[M2x0|ti" f<oo] <E.

Hence

P [r?’"’f < 00,3t >0, Xf”f(t) > xo] =P [M > x0|1'is"i"f < oo] P [r.s’i"f < oo] ,

i
¢’

< —.

2

inf

Furthermore, since the law of X, is the same for all i > 1 (because they enter in the same
environment), we can choose the same x( for all i > 1. Then we have, using Lemma 4.7:

1

P[r <o00,3t >0, X;(1) > xo] <P [r:“"”f <003 >0, X" (1) > xo] 4P [S,« + S,?"f] ,

’

<5 +p0) = pGto).

<€,

if ¢ is small enough. O

For x > 1, let H, :=inf{t > 0: X;(t) = x} (we omit the dependence on i in the notation
because there will be no possible confusion). We can deduce from this lemma a stronger
form of the same estimate:

Corollary 4.10 Let x > 1. For all €' > 0, there exists x, depending only on A, €' and x such
that if ¢ is small enough, then for all i > 1

P[HXl < 00,3t > Hy,, X;(1) fx] <é€.

Proof We will use the same method as in Lemma 4.1. Let E, be the following event on the
Poisson point processes of the Harris system during the time space [z, t + 1]:

e one first class particle enters site 1 and moves to site x;

o then one first class particle enters and moves to site x — 1;

e we continue in the same way until x first class particles have entered the system and they
have moved until that the box {1, ..., x} is full;

e finally we impose that N, N [¢,1 + 1] =@.

Then g, (1) :=P[E,] depends only on A and x, is positive and, under this event, every second
class particle which was in the box {1, ..., x} at time ¢ has left the system at time 7 + 1.
Now let x; be given by Lemma 4.9 such that

Pt} <00,3t>0,X;(t) > x1| <€'q. (1),
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and define H :=inf{r > H,, : X;(t) =x}. Then
P[7} <oo|H} <o0]>q.(1).
This implies

P[t} <00, HN <00
P[H, <o0,3t> H,, X;(t) <x|=P[H} <oc]= P[[r’“ <OO|H*+ <OO]],

<€ O

The next lemma states that if we fix x > 1, then the probability that two second class
particles meet in the box {1, ..., x} goes to 0 with €.

Lemma 4.11 Let t;1_,; be the first time at which the (i 4+ 1)-th second class particle tries
to jump on the site occupied by the i-th second class particle. Then for all fixed x > 1,

P[r,-+1_)l- <00, Xi(Tit1i) < x] —> 0, uniformlyini.
e—0

Proof Fix € > 0andlet x; and 0 < ¢y < % — A be given by Corollary 4.10 such that
P[H, <o00,3t > H,,X;(t) <x]<¢€', foralle<c. (28)
Then x; and ¢y depend only on 2 and €’ (and x). We have:
PlEs>t, Xi(s)ef{l,...,x}] <P[Es>1, Xi(s) e{l,...,x}, Hy <t]
+P[X;(t) > 1, H, > 1],
<P[H, <00,35s > H,,, X;(s) < x]
+PIX;(s) e{l,...,x1}, Vs €[00, 1]]. (29)
As in Lemma 4.1, we have
P[X;(s)e{l,...,x;},Vs €[0,r +1]] =(1 — g, M))P[Xi(s) € {1, ..., x1},Vs €[0,¢]],
which implies the existence of a constant C > 0 depending only on A and €’ such that
PX;(s) e{l,...,xi}, Vs €[0,1]] <e "

Finally, using (28) and (29), there exists some deterministic 7y > 0, depending only on A and
€’, such that
P[Es>1t X;(s) e{l,...,x}] <2€,

forall t >ty and € < ¢y.

Besides, if we define o as the time elapsed between 7/ and the first jump time of A7
greater than 7/, then o is an exponential random variable with parameter € independent of
the trajectory of X;. As a consequence, we have

Pltii15i <00, Xi(Tit1-i) <x] <P[Er >0, X;(t) € {1, ..., x}],

=PEr=0, X;t) e{l,....x},0 > 1] +Plo =1,
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<2 +1—e 0,

Finally we have P[1;1;-; <00, X;(Tj+1>:) <x] —3 0 uniformly in i. O
€—

Now we are able to prove that when a second class particle meets another one, both
survive with a probability going to 1 as € goes to 0.

Corollary 4.12

P [t,-JrHi <00, < oo] —5 0, uniformlyini. (30)
€e—

Proof Fix €’ > 0 and let x( be given by Lemma 4.9. We have

P [Ti+l—>i <00,Ty; < OO] =P [Ti+1—>i < 00,7, <00, Xi(Tit1-i) < Xo]

+ P11 <00, 7y <00, Xif1(Tipi-i) = Xo]
< P[ripimi <00, X (Tip1-i) < X0

+ P[tis+l <00,3t>0,X;4(t) > xo] ,

< 2€,
if € is small enough. O

4.2.5 The Proof of Theorem 4.3

Fix €’ > 0 and use (30) to find € > 0 small enough to have
P71 <00,7,, <oo] <€

We have already seen that both N;/t and N,"'f /t converge to almost sure limits and that
ilimHOo N,"'j /t converges almost surely to A(1 — X)p(A) as € goes to 0. Recall the de-
finition of N, at the beginning of the proof of Proposition 4.8. We have lim,_, o, N,/t =
A(1 — A)e. Thus if we define

N,

r::inf{tZO:Vszt, : 5(k(l—k)+l)e},

N

then 7 is almost surely finite and N,i o N, = Z,N:t 1 S (=1.5, (1)=0 which implies

A

inf LA(1=1)+1)et]
N —N, 1 inf
E|:71,<, <= 271 P[Si (t):l,S,-(t):O,Tft],
LA (1=1)+1)et |+1

P71 <00,7’ <o0],

IA

1
! i=2

A1 =A)+Det]+1 ,
= €
t

)
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and, by dominated convergence theorem, the left-hand side of the above inequality con-
verges to lim,_, o, N; nf /t —1lim,_, o, N;/t as t goes to infinity. Hence, dividing by €, we get

N N,
0<=lim —/— — = lim = < (A (1 = 1) + De.

€ t—oo € t—oo f
Since €’ was arbitrary we can conclude.
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